We study the performance of a classical and quantum magnetic Otto cycle with a quantum 1 dot as a working substance using the Fock-Darwin model with the inclusion of the Zeeman interaction.
model for a semiconductor quantum dot. 
Model

49
Let us consider an system given by a electron in the presence of a parabolic potential and external 50 magnetic field B. The Hamiltonian which describes the system is given by
where m * is the effective electron mass, A is the total vector potential, and the term U D (x, y) is given 
which corresponds to an attractive potential describing the effect of the dot on the electron. The 
where, ω c = eB m * is the cyclotron frequency, n, m are the radial and magnetic quantum numbers To obtain a more precise calculation, especially when we consider the case of strong magnetic 63 fields for the electron trapped in a quantum dot, we also take into account the electron spin of value¯hσ 2 64 and magnetic moment µ B , whereσ is the Pauli spin operator and µ B = eh 2m * . Here the spin can have two possible orientations, one is ↑ or ↓ with respect to the applied external magnetic field B in the 66 direction of the z-axis. Therefore, we need to add the Zeeman term in the Fock-Darwin energy levels 67 Equation (4). Consequently, the new energy spectrum is given by 68 E n,m,σ =hΩ(2n + |m|
The energy spectrum of Equation (6) is presented in Figure ( 1) for σ = −1 and σ = 1. It is 69 interesting to note that for high magnetic fields (ω c /2ω 0 >> 1) things simplify in Eq. (6) and we get 70 the following expression:
where we observe that |m| + m = 0 for m < 0, therefore each Landau level labelled by n has infinite 72 degeneracy.
74
In our calculations along the work, we will consider a low-frequency coupling for the parabolic 75 trap given by ω 0 ∼ 0. 
where the frequencies ω ± are:
Therefore, entropy (S(T, B)), internal energy (U(T, B)) and magnetization M(T, B) are simply given by
Figure 2. Classical thermodynamics quantities entropy (S), internal energy (U) and magnetization (M) as a function of temperature (T) (panels (a) to (c)) and external magnetic field (B) (panels (d) to (f)). For (a) to (c) panels the color blue to red represent temperatures from 0.1 K to 10 K respectively . For (d) to (f) panels the colors blue to red represent lower to higher external magnetic field, from 0.1 T to 5 T. The value of the parabolic trap correspond approximately to 1.5 meV. Additionally, we plot the proposal cycle on each of the aforementioned thermodynamic quantities.
The Equations (10), (11) and (12) values of magnetization are obtained. This fact will become essential for the total work extracted.
98
In the cycle that we propose, the work is directly related to the change in the magnetization of the 99 system as a function of magnetic field and temperature. On the other hand, we can observe that the 100 internal energy does not present qualitative changes and shows a decreasing of its value as the field on the derivative of ln Z dS (see Equation (11)) with respect to temperature while the entropy has an 103 additional term proportional to ln Z dS (see Equation (10)) and the magnetization on its derivative with 104 respect to the external field (see Equation (12)).
105
It is important to mention that the cycle operation in the counter-clockwise form starting in the A 106 point described in Figure 2 gives negative work extracted, so to define a thermal machine correctly,
107
we start the cycle in the point B, and we go through it in a clockwise direction. This is due to the First, consider a system described by a Hamiltonian,Ĥ, with discrete energy levels, E n,m,σ .
117
The internal energy of the system is simply the expectation value of the Hamiltonian E = Ĥ =
118
∑ n ∑ m ∑ σ p n,m,σ E n,m,σ , where p n,m,σ are the corresponding occupation probabilities. The infinitesimal 119 change of the internal energy can be written as
where we can identify the infinitesimal work and heat as
Equation (13) is the formulation of the first law of thermodynamics for quantum working 122 substances. Therefore, work is then related to a change in the eigenenergies E n,m,σ , which is in 123 agreement with the fact that work can only be carried out through a change in generalized coordinates.
The quantum Otto cycle is composed by four strokes: two quantum isochoric processes and two 125 quantum adiabatic processes. This cycle can be seen in Figure 3 replacing the value of S l and S h for 126 P n,m,σ (T l , B h ) and P n,m,σ (T h , B l ) in the vertical axe respectively. For the cases that we will consider, the 127 quantum Otto cycle proceeds as follows. 
136
The heat absorbed for the working substance is given by
where E l n,m,σ is the nth eigenenergy of the system in the quantum isochoric heating process to an 138 external magnetic field of value B l .
139
3.
Step D → C: Quantum adiabatic expansion process. The system is isolated from the hot 140 reservoir, and the intensity of magnetic field is changed back from B l to B h . During this stage the 141 populations remains constant, so P n,m,σ (T h , B l ) = P C n,m,σ . Again, we recall that P C n,m,σ is not a thermal 4.
Step C → B : Quantum isochoric cooling process. The working substance at B h is brought into 144 contact with a cold thermal reservoir at temperature T l . Therefore, the heat released is given by
where E h n,m,σ is the nth eigenenergy of the system in the quantum isochoric heating process to an 146 external magnetic field of value B h .
147
The net work done in a single cycle can be obtained from
where we have used the condition of constant populations along the quantum adiabatic strokes.
149
Furthermore, the efficiency is given by
The main differences between the classical and quantum Otto cycle is related to the point A and 151 D in the cycle. In classical engine, the works presented in Equation (15) and Equation (16), can be 152 calculated replacing P A n,m,σ by P(T A , B l ) and P C n,m,σ by P(T C , B h ) obtaining a difference between the 153 classical internal energy derived from the partition function in the form
where T A and T C they are determined by the condition imposed by the classical isentropic strokes.
If we have the classical entropy, the intermediate temperatures T A and T C can be determined in two 156 different forms:
• Finding the relation between the magnetic field and the temperature along an isentropic trajectory 158 by solving the differential equation of first order given by
which can be written as
where C B is the specific heat at constant magnetic field.
160
• The other possibility is to connect the entropy values of two isentropic trajectories in the form
finding the magnetic field in terms of the temperature, throughout numerical calculation.
162
Therefore, from the Equation (19) and W = Q in + Q out , the classical work is given by the difference 163 of four internal energy in the form
In the following section, the units of temperature correspond to Kelvin (K), and the external field that the contributions of the other levels of energy can be neglected.
173
Finally, it is useful to express our results of total work extracted and efficiency in terms of the 174 relation between the highest value (B h ) and the lowest value (B l ) of the external magnetic field over 175 the sample. To do that, we use the definition of "magnetic length" which is given by
allowing us to define the parameter
which represents the analogy of the compression ratio for the classical case. It is important to remember 178 that the Landau radius is inversely proportional to the magnitude of the magnetic field. Therefore, for 179 a major (minor) magnitude of the field, the Landau radius is smaller (bigger), and the r is well defined. in (e) and (f) panel of Figure 5 for the optimal value of r parameter mentioned before. We observe that To explore if these oscillations in W are still obtained for higher temperature ranges, we plot For all graphics, we use the initial external magnetic field in the value of B B = 3.5 T and the minimum value of the field, B D moves between 3.5 T to 2.0 T. Therefore, the r parameter moves between 1 ≤ r ≤ 1.32. The parabolic trap is fixed to the value of 1.5 meV and the effective mass value of m * = 0.067m e .
Results and Discussions
found that all contributions per energy level are negative. Therefore, the small region of positive work 
Conclusions
285
In this work, we explored the classical and quantum magnetic Otto cycle for an ensemble 286 of non-interacting electrons with intrinsic spin where each one is trapped inside a semiconductor 287 quantum dot modeled by a parabolic potential. We analyzed all relevant thermodynamics quantities, 288 we found in particular for the entropy as a function of the external magnetic field, a zone where it 289 diminishes as the field increases but then it increases again at larger fields, at all temperatures. This is a 290 consequence of the infinite degeneracy that the system has at high magnetic fields, thus increasing its 291 entropy value. This particular behavior makes the operation of the Otto engine be different depending on the work area in temperatures and magnetic fields. We find oscillations in the total work extracted 293 near the zone of slope change in the behaviour of entropy when the cycle is classically evaluated.
294
Additionally, we evaluate the total work and efficiency for classical and quantum Otto cycle, always 
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